
VI. Other duality

VI.1 Alexander duality

1.

�������� 1 Let (X,A) be a compact pair. Then there exists a long exact sequence

· · · // Hq
c (X − A) i // Hq(X)

j // Ȟq(X)
δ // Hq+1

c (X − A) // · · · .

�
	���� map �� ��������������! #"%$'&(*)+-,.0/�12%34 576 �8:9;=<?>A@BDCFE .
(1) i : U open ⊂ X ⇒ ∃a canonical homomorphism i : Hq

c (U)→ Hq(X):G�HI )+ )+ compact set K ⊂ U JLK-MONQP E �SRUT EWVYX diagram ��� commute P E�Z[]\B i ^ E
induce _` acb E .

Hq(U,U −K)

ª

((RRRRRRRRRRRRRRR

↓

Hq(X,X −K)∼=

excisionoo

i∗

²²

Hq
c (U)

∃!”i”
// Hq(X)

(2) j:

Hq(X)
j∗,j=inclusion //

ª
∃!”j” ''OOOOOOOOOOOO

Hq(V )

↓

lim−→
V open⊃A

Hq(V ) := Ȟq(A)

(3) δ:
K = X − V , U = X − A d Efeg �
h� b E�ij k diagram lm n /�1o 34 5 b E .

Hq(V ) δ //

↓

Hq+1(X,V )
excision
∼=

// Hq+1(U,U −K)

²²

Ȟq(A)
∃!”δ”

// Hq+1
c (U)

���qp�r , δ ^ E natural P E�Z[]\B ”δ” ^ E induce _` acb E .
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stvuxw�y�
Hq(X,V )

∼=²²

Hq+1(X,V )

∼=²²

· · · // Hq(U,U −K) //

↓

Hq(X) //

↓

Hq(V ) //

↓

Hq+1(U,U −K) //

↓

· · ·

· · · // Hq
c (X − A)

i // Hq(X)
j // Ȟq(X)

δ // Hq+1
c (X − A) // · · ·

lim−→
z{ | exact functor ��� Z[}\B ~� diagram �� � 9� ��� (X,V ) )+ cohomology long ex-

act sequence \B����� ������ P E 34 5 exact sequence �m n /�1o 34 5 b E .
2. (Alexander duality) X = Mn: R-orientable compact manifold, Acpt ⊂M .

Consider Hq(V )
ζA∩ //

↓ ''PPPPPPPPPPPP
Hn−q(V, V − A)

excision∼=
²²

Ȟq(A)
∃!DA

// Hn−q(M,M − A)

where ζA ∈ Hn(V, V −A), restriction of orientation class ζA ∈ Hn(M,M −A).
Then

DA : Ȟq(A)
∼= // Hn−q(M,M − A) ∀qstvuxw�y� b E�ij k diagram JLK 5-lemma �m n $
�� i�#� P E �
h���j ���'�( ���!�� ������ b E .

· · · // Hq
c (U) //

∼=DU

²²
(1)

Hq(M) //

∼=DM

²²
(2)

Ȟq(A)
δ //

??DA

²²
(3)

Hq+1
c (U) //

∼=DU

²²

· · ·

· · · // Hn−q(U) // Hn−q(M) // Hn−q(M,U) ∂ // Hn−q−1(U) // · · ·

U 34 5 � 9 c¡'¢¤£¥ ¦ E¨§�©ª ^ E 6 � \B M − A ���:«¬ DU
£¥ DM

z{ | Poincaré duality map �� ����b E .® E d E ¡'¢ (1), (2), (3) ��� commute ¯±°² b E 34 5´³¶µ·¹¸ �� @B ��� �
h� _` acb E . (1) z{ | cap product )+
naturality JLK )+ P E �SR commute ¯±°² b E .
(2) 34 5 b E�ij k diagram JLK ¡'¢

Hq(M) //

∼=DM

²²
ª

Hq(V )

ζA∩

²²

→Ȟq(A)

DA

²²

Hn−q(M) // Hn−q(V, V − A)
∼=

excision
// Hn−q(M,U)
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cap product )+ naturality JLK )+ P E �SR�º» a!¼½ ¾À¿ EWÁ�ÂÃ!ÄÆÅÇ ��� commute P E «¬ ��� ³¶µ· )+ di-
rect limit ��� (2) ��� Z[}\B commute ¯±°² b E .
(3)

z{ | up to sign È[}\B commute P E 34 5¹ÉËÊ b E�ij k diagram JLK ¡'¢ÍÌÎ ÏÐ�Ñ�ÓÒ:ÔÕ×Ög G�H2 b E .
Hq+1(M,V )

excision
∼= &&NNNNNN

Hq(V )

δ
99ssssss

ζA∩

}}{{
{{

{{
{{

{{
{{

{{
{{

{

↓

Hq+1(U,U −K)

ζK∩

||

↓
Ȟq(A)

DA ²²

δ // Hq+1
c (U)

DU ²²

Hn−q(V, V − A)
∼=

// Hn−q(M,U) ∂ // Hn−q−1(U)

�SRÙØ±� ¡'¢ V = M −K ��� b E . chain level JLK ¡'¢ ∂(ζ ∩ a) = (−1)q(∂ζ ∩ a+ ζ ∩ δa) =
(−1)q(ζ ∩ δa) ��� Z[]\B up to sign È[]\B commute ÚFÛÜ lm n ÌÎ Ï�Ð�Ñ�ÝÒ:ÔÕ�Ög G�H2 b E .
3.(Taut embedding) When is Ȟq(A) = Hq(A)?

e.g. non-taut embedding

A = {(x, sin
1

x
} ∪ {(1, y) | |y| ≤ 1}

ÞÞÞ

A 34 5 R
2 )+ closed subset ���F«¬ b E�ij k ���Óß?à(âá�ãä ¯±°² b E .
(1) number of path components of A = 2
(2) number of connected components of A = 1

(1) JLK )+ P E �SR H0(A) = Z
2 ��� b E . åæ�ç �éè E (2) JLK ¡'¢ G�HI )+ )+ open set U ⊃ A JLKÍMON

P E �SR A 34 5 U )+ ¯±°² component JLKUêë ì�í X G�H2 È[ Z[}\B Ȟ0(A) = lim−→H0(U) = Z
��� b E .® E d E ¡'¢ A 34 5 taut embedding ����T EWî � b E .
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ïð , A =

ñññ

��� d E �
h� Ȟ1(A) = Z, H1(A) = 0
G�HI lm n ÌÎ ÏÐ�Ñ�ÓÒ:ÔÕ×Ög G�H2 b E .

Let Aclosed ⊂ Xnormal and suppose A is ANR. Then there exists U open such that

A
i

// U
r

uu with ri = id.

=⇒ Hq(A)
r∗

// Hq(U)
i∗qq

↓
Ȟq(A)

∃!κ

dd
and κ is onto.

Furthermore, let X be a binormal ANR. (i.e. X × I is also normal.)

A ⊂ U open ⊂ Xnormal ⇒ ∃U ′ open such that A ⊂ U ′ ⊂ U ′ ⊂ U .
Consider

I

A
U ′

r

¿¿

inclusion

²²

F //

inclusion

CC U ′
U

V N

∃F on N

::
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,where N is an open neighborhood of =: C

F �m n ~� )+ åæóò¨ôõ �� � 9� ��� C JLK ¡'¢ U \B ^ E 34 5 map È[}\B ¡'¢ 0-level JLK ¡'¢ 34 5 inclusion È[\B 1-level JLK ¡'¢ 34 5 r \B , A× I JLK ¡'¢ 34 5 A \B )+ projection È[]\B $'&(ö)+ ¯±°² b E . U ′× I 34 5
normal space X × I )+ closed subset ��� Z[]\B normal ���F«¬ C 34 5 U ′ × I )+ closed
subset ��� b E . X ^ E ANR ��� Z[}\B U ÷ð ANR ��� b E . ® E d E ¡'¢ N JLK ¡'¢ $'&(*)+ _` a F )+ ex-
tension F ^ E¹øù |¹ú X ¯±°² b E .
V open ⊃ A �m n V × I ⊂ N ��� ,. ÷ð�ûü ¾þý 9ÿ È[ �
h� F |V×I 34 5 j : V ↪→ U £¥ ir′ : V

r′

→

A
i
↪→ U, r′ = r|V

¿ E ��� JLK homotopy �m n��� | b E . ® E d E ¡'¢ r′∗i∗ = j∗ ��� b E .
������� κ ^ E 1-1 G�HI lm n @B ��� CFE . κ(x) = 0 ��� d E P E �
h� , �����
	� U JLK MON P E �SR x = {xu}, xu ∈
Hq(U) ���F«¬ , i∗(xu) = 0 ��� b E . ® E d E ¡'¢ j∗(xu) = r′∗i∗(xu) = 0 ���F«¬ ³����� � x =
{j∗(xu)} = 0

G�HI lm n � 9; Ög G�H2 b E .
Note. The product of Paracompact space and compact Hausdorff is paracom-
pact.
(Munkres, p.259)

In particular κ becomes an isomorphism for Aclosed, ANR in paracompact man-
ifold X. (eg. A is a closed submanifold of X.)

Remark. The proof of 3 shows in particular that if ∃V ⊃ A such that A is a
deformation retract of V then A is taut.

4. If X is compact and Ȟq(A) ∼= Hq(A), then we have

Hq(U,U −K)
∼= //

²²

Hq(X,X −K)

i∗

{{vvvvvvvvvvvvvvvvv

where X −K = V
and X − A = U

· · · // Ȟq−1(A)
δ //

κ:∼=²²

Hq
c (X − A) //

∃!²²

Hq(X) //

id:∼=²²

Ȟq(A)

κ:∼=²²

// · · ·

· · · // Hq−1(A)
δ // Hq(X,A) // Hq(X) // Hq(A) // · · ·

Diagram commutes since all the maps involved are induced by inclusion and
δ is natural. Then by 5 lemma, Hq

c (X − A) ∼= Hq(X,A).

�� ����� 25. Show that Hq
c (R

n) ∼= Hq(Sn,∞) = H̃q(Sn).
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5. Let M be a compact n-manifold, Aclosed ANR ⊂M . Then

Hq
c (M − A)

∼=//

P.D:∼=²²

Hq(M,A)

”Lefschetz duality”:∼=tt
Hn−q(M − A)

e.g. Hq(M,∂M) ∼= Hn−q(M − ∂M) ∼= Hn−q(M) (∂M has a collar)

Remark. (K,L): compact pair in M , a compact manifold.

relative A.D. : Ȟq(K,L)
∼=
→ Hn−q(M − L,M −K)

In particular, if M = K, then Ȟq(M,L)
∼=
→ Hn−q(M − L).(

�� ����� 26.)

Application of Alexander Duality

6. Acompact ⊂ R
n ⊂ Sn

⇒ (1)Ȟq(A) ∼= H̃n−q−1(R
n − A)

(2)
ˇ̃
Hq(A) ∼= H̃n−q−1(S

n − A), where
ˇ̃
Hq(A) = lim

→
V

H̃q(V )

stvuxw�y� (1) and (2) :

Ȟq(A)
A.D:∼=// Hn−q(S

n, Sn − A)
excision:∼=//

(∗):∼=
²²

Hn−q(R
n,Rn − A)

∼= // H̃n−q−1(R
n − A)

H̃n−q−1(S
n − A)

(*) : reduced long exact sequence of pair where q 6= 0

q = 0 case :

→ H̃n(S
n − A)→ H̃n(S

n)→ Hn(S
n, Sn − A)

∂
→ H̃n−1(S

n − A)→ H̃n−1(S
n)

(
open
= 0) (= R) (= 0)

⇒ H̃n−1(S
n − A) ∼= Hn(S

n, Sn − A)/R.

Now note that Ȟ0(A)/R ∼=
ˇ̃
H0(A).

Then by A.D.,Hn(S
n, Sn − A) ∼= Ȟ0(A) and H̃n−1(S

n − A) ∼=
˘̃
H0(A).

7. A ⊂ R
n ⊂ Sn, A : compact (n− 1)-manifold.

⇒ the number of components of R
n−A= (the number of components of A)+1

6



stvuxw�y� H̃0(R
n − A;Z/2) ∼= Hn−1(A;Z/2)

P.D.
= H0(A,Z/2) = (Z/2)k where k=

the number of components of A

8. A non-orientable closed Mn can not be embedded in R
n+1.stvuxw�y� May assume M is connected.

M is non-orientable.
⇒ Hn(M) = 0 ⇒ rk(Hn(M ;Z)) = 0 and hence Hn(M ;Z) ∼= H̃0(R

n+1 −
M ;Z) = 0
∴ R

n+1 −M has 1 component. This is a contradiction to 7.

9. A = a link with k components in R
3

⇒ H∗(R
3 − A) = H∗(R

3- trivial link with k component)stvuxw�y� H̃n−q−1(R
3 − A) = Hq(A) = Hq(trivial link)=H̃n−q−1(R

3−trivial link
with k component).
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